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Quantum coherence is an essential ingredient in quantum information processing and plays a central role 
in emergent fields such as nanoscale thermodynamics and quantum biology. However, our understanding and 
quantitative characterization of coherence as an operational resource are still very limited. Here we show that 
any degree of coherence with respect to some reference basis can be converted to entanglement via incoherent 
operations. This finding allows us to define a novel general class of measures of coherence for a quantum system 
of arbitrary dimension, in terms of the maximum bipartite entanglement that can be generated via incoherent 
operations applied to the system and an incoherent ancilla. The resulting measures are proven to be valid 
coherence monotones satisfying all the requirements dictated by the resource theory of quantum coherence. We 
demonstrate the usefulness of our approach by proving that the fidelity-based geometric measure of coherence is 
a full convex coherence monotone, and deriving a closed formula for it on arbitrary single-qubit states. Our work 
provides a clear quantitative and operational connection between coherence and entanglement, two landmark 
manifestations of quantum theory and both key enablers for quantum technologies. 
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Introduction .—Coherence is a fundamental aspect of quan¬ 
tum physics that encapsulates the defining features of the the¬ 
ory [1], from the superposition principle to quantum corre¬ 
lations. It is a key component in various quantum informa¬ 
tion and estimation protocols and is primarily accountable for 
the advantage offered by quantum tasks versus classical ones 
[2, 3]. In general, coherence is an important physical resource 
in low-temperature thermodynamics [4-8], for exciton and 
electron transport in biomolecular networks [9-14], and for 
applications in nanoscale physics [15, 16]. Experimental de¬ 
tection of coherence in living complexes [17, 18] and creation 
of coherence in hot systems [19] have also been reported. 

While the theory of quantum coherence is historically well 
developed in quantum optics [20-27], a rigorous framework 
to quantify coherence for general states in information theo¬ 
retic terms has only been attempted recently [14, 26, 28-31]. 
This framework is based on identifying the set of incoherent 
states and a class of ‘free’ operations, named incoherent quan¬ 
tum channels, that map the set onto itself [14, 28]. The result¬ 
ing resource theory of coherence is in direct analogy with the 
resource theory of entanglement [32], in which local opera¬ 
tions and classical communication are the ‘free’ operations 
that map the set of separable states onto itself [33]. Within 
such a framework for coherence, one can define suitable mea¬ 
sures that vanish for any incoherent state, and satisfy specific 
monotonicity requirements under incoherent channels. Mea¬ 
sures that respect these conditions gain the attribute of co¬ 
herence monotones, in analogy with entanglement monotones 
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Figure 1. (a) Incoherent operations cannot generate entanglement 
from incoherent input states, (b) Conversely, we show that any 
nonzero coherence in the input state of a system S can be converted 
to entanglement via incoherent operations on S and an incoherent an¬ 
cilla A. Input coherence and output entanglement are quantitatively 
equivalent: For any entanglement monotone E, the maximum entan¬ 
glement generated between 5 and A by incoherent operations defines 
a faithful coherence monotone on the initial state of 5. 


[34]. Examples of coherence monotones include the relative 
entropy and the /j-norm of coherence [28]. Intuitively, both 
coherence and entanglement capture quantumness of a physi¬ 
cal system, and it is well known that entanglement stems from 
the superposition principle, which is also the essence of coher¬ 
ence. It is then legitimate to ask how can one resource emerge 
quantitatively from the other [24, 26]. 

In this Letter, we provide a mathematically rigorous ap¬ 
proach to resolve the above question, using a common frame 
to quantify quantumness in terms of coherence and entangle¬ 
ment. In particular, we show that any nonzero amount of co¬ 
herence in a system S can be converted to (distillable) en¬ 
tanglement between S and an initially incoherent ancilla A, 
by means of incoherent operations. This allows us to formu- 
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late a novel, general method to quantify coherence in terms 
of entanglement (see Fig. 1). Namely we prove that, given an 
arbitrary set of entanglement monotones {E}, one can define a 
corresponding class of coherence monotones {Ce} that satisfy 
all the requirements of Ref. [28]. The input coherence Ce of 
S is defined as the maximum output entanglement E over all 
incoherent operations on S and A. We explicitly evaluate the 
maximization in some relevant instances, defining novel co¬ 
herence monotones such as the fidelity-based geometric mea¬ 
sure of coherence. These results provide powerful advances 
for the operational quantification of coherence. 
Characterizing coherence. —For an arbitrary fixed reference 
basis {|/)), the incoherent states are defined as [28] 

o- (1) 

where p, are probabilities. Any state which cannot be written 
as above is defined coherent [28]. Note that, unlike other re¬ 
sources in information theory, coherence is basis-dependent. 
The reference basis with respect to which coherence is mea¬ 
sured depends on the physical problem under investigation; it 
is e.g. the energy basis for transport phenomena in engineered 
and biological domains [13], or the eigenbasis of the generator 
of an unknown phase shift in quantum metrology [2]. 

A completely positive trace preserving map A is said to be 
an incoherent operation if it can be written as 

A[p] = 

where the defining operators Ki, called incoherent Kraus op¬ 
erators, map every incoherent state to some other incoherent 
state, i.e. KiIKj c J, where I is the set of incoherent states. 

Following established notions from entanglement theory 
[32, 35-37], Baumgratz et al. proposed the following pos¬ 
tulates for a measure of coherence C(p) in Ref. [28]: 

• (Cl) C(p) > 0, and C(cr) = 0 if and only if cr e J. 

• (C2) C(p) is nonincreasing under incoherent opera¬ 
tions, i.e., C(p) > C(A[p]) with A[J] c J. 

• (C3) C(p) is nonincreasing on average under selective 
incoherent operations, i.e., C(p) > Yii PiC{gi), with 
probabilities pi - Tx[KlpK^^], states q - KipKj I pi, and 
incoherent Kraus operators Ki obeying KiIKj c J. 

• (C4) C{p) is a convex function of density matrices, i.e., 

CCEiPiPi) ^ IjiPiCipi)- 

Note that conditions (C3) and (C4) automatically imply con¬ 
dition (C2). The reason we listed all conditions above is that 
(similar to entanglement measures) there might exist mean¬ 
ingful quantifiers of coherence which satisfy conditions (Cl) 
and (C2), but for which conditions (C3) and (C4) are either 
violated or cannot be proven. Following the analogous notion 
from entanglement theory, we call a quantity which satisfies 
conditions (Cl), (C2), and (C3) a coherence monotone. 

Examples of functionals that satisfy all the four proper¬ 
ties mentioned above include the Ij-norm of coherence [28] 
Chip) = \pij\ and the relative entropy of coherence [28] 

Cr(p) = min//(pllcr) (3) 

crel 


with the quantum relative entropy H(p\\g) - Tr[plog 2 p] - 
Tr[plog 2 5 ’]. As was shown in [28], the relative entropy of 
coherence can also be written as C^ip) = Hipj) - Hip), where 
Pd is the diagonal part of the density matrix p in the reference 
basis (|/)] and H is the von Neumann entropy. 

Bipartite coherence. —We first extend the framework of co¬ 
herence to the bipartite scenario (see also [38]); the following 
definitions extend straightforwardly to multipartite systems. 
In particular, for a bipartite system with two subsystems X 
and Y, and with respect to a hxed reference product basis 
(|/)^ ® we define bipartite incoherent states as follows: 

( 4 ) 

Here, ph are probabilities and the states of and are inco¬ 
herent states on the subsystem X and Y respectively, i.e. cr^ - 
Y^iP'ik I') <*1^ = ^jP'jk l7> ij\^ for probabilities and 

p'^. Note that the states in Eq. (4) are always separable. 

We next define bipartite incoherent operations as in Eq. (2), 
with incoherent Kraus operators Ki such that KiIK'j c J, 
where I is now the set of bipartite incoherent states defined 
in Eq. (4). An example of bipartite incoherent operation 
is the two-qubit CNOT gate I/cnot- It is not possible to 
create coherence from an incoherent two-qubit state by us¬ 
ing the CNOT gate, since it takes any pure incoherent state 
\i) ® \ j) to another pure incoherent state, I/cnot i\i) ®> Ij)) = 
11) ® |mod(! -H j,2)). The CNOT gate can be used however 
to create entanglement, e.g. it is well known that the state 
Ccnot(|iA) ®> |0)) is entangled for any coherent state |t/r) [3]. 
Converting coherence to entanglement. —Referring to Eig. 1, 
we say that the coherence in the initial state p^ of a (finite¬ 
dimensional) system S can be converted to entanglement via 
incoherent operations if, by attaching an ancilla A initialized 
in a reference incoherent state |0) (0|^, the final system-ancilla 
state A'^"^[p‘^ ® |0) (0|'^] is entangled for some incoherent op¬ 
eration A'^'^. Note that incoherent system states cannot be 
used for conversion to entangled states in this way, since for 
any incoherent state cr^ the state A'^'^[o“^ ® |0) (0|'^] will be of 
the form given in Eq. (4), and thus separable. 

Entanglement can instead be generated by incoherent oper¬ 
ations if the initial p^ is coherent, as in the two-qubit CNOT 
example. It is then natural to ask: Can any nonzero amount of 
coherence be converted to entanglement via incoherent oper¬ 
ations? To answer this, we first consider distance-based mea¬ 
sures of entanglement Eo and coherence C/j [28, 35-38]: 

Eoip) ^ min Dip, x), Cz)(p) = min D(p, cr). (5) 

crel 

Here, S is the set of separable states and I is the set of in¬ 
coherent states. Moreover, we demand that the distance D be 
contractive under quantum operations, 

DiAlp],A[g])<Dip,g) (6) 

for any completely positive trace preserving map A. This im¬ 
plies that Eo does not increase under local operations and 
classical communication [35, 36], and Cd does not increase 
under incoherent operations [28]. Equipped with these tools 
we are now in position to present the first result of this Letter. 
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Theorem 1. For any contractive distance D, the amount of 
(distance-based) entanglement generated from a state 

via an incoherent operation is bounded above by its 
(distance-based) coherence Cd- 

[p^ ® |0> <0|^]) < Cd (p"). (7) 

Proof Let cr^ be the closest incoherent state to p^, i.e., 
Cd(p^) = D(pf ,(7^). The contractivity of the distance D fur¬ 
ther implies the equality; D(p^ ,cr^) - D(p^ ® |0) (0|'^ , cr^ ® 
|0) (0|'^). In the final step, note that the application of an in¬ 
coherent operation A^*^ to the incoherent state cr^ ® |0) (0|'^ 
brings it to another incoherent—and thus separable—state. 
Applying Eq. (6) and combining the aforementioned results 
we arrive at the desired inequality; Coip^) > DiK^^{p^ ® 
|0)<0|^],A^'^[cr^ ® |0)<0|'^]) > ®|0)<0|^]). □ 

This result provides a strong link between the resource 
frameworks of entanglement and coherence. An even stronger 
link exists when choosing specihcally D as the relative en¬ 
tropy. The corresponding quantifiers are the relative entropy 
of entanglement [35], and the relative entropy of coherence 
Cr [28] introduced in Eq. (3). Importantly, the inequality (7) 
can be saturated for these measures if the dimension of the 
ancilla is not smaller than that of the system, dA > ds- In this 
case there always exists an incoherent operation A'^'^ such that 

Ef.A ^pS ^ 10) ^01^]) = C, (p"). (8) 


To prove this statement, we consider the unitary operation 


U = 


-H 



\i){if ®\mod(iA- j,ds)}{jf 


(9) 


entanglement via incoherent operations, and the equality in 
Eq. (8) still holds if E^ is replaced by Ej, and the incoherent 
unitary of Eq. (9) is applied. This follows from Theorem 1, 
together with the fact that distillable entanglement admits the 
following bounds [40, 41]; H{g^) - < Ef-^ < E^'-^. 

This shows that the degree of (relative entropy of) coher¬ 
ence in the initial state of S can be exactly converted to an 
equal degree of (distillable or relative entropy of) entangle¬ 
ment between S and the incoherent ancilla A by a suitable 
incoherent operation, that is a generalized CNOT gate. We 
can now settle the general question posed above. 

Theorem 2. A state p^ can be converted to an entangled state 
via incoherent operations if and only if p^ is coherent. 

Proof If p^ is incoherent, it cannot be converted to an en¬ 
tangled state via incoherent operations by Theorem 1. Con¬ 
versely, if p^ is coherent, it has nonzero relative entropy of 
coherence Cr(p^) > 0. By Eq. (8), there exists an incoherent 
operation A'^'^ leading to nonzero relative entropy of entangle¬ 
ment ■'^(A‘^'^[p‘^ ® |0) (Ol"^]) > 0, concluding the proof. □ 

Quantifying coherence with entanglement. —We are ready to 
present the central result of the Letter. Reversing the perspec¬ 
tive, Theorem 1 can also be seen as providing a lower bound 
on distance-based measures of coherence through conversion 
to entanglement; precisely, the coherence degree Cd of a state 
p^ is always bounded below by the maximal entanglement de¬ 
gree Ed generated from it by incoherent operations. 

Going now beyond the specific setting of distance-based 
measures, we will show that such a maximization of the output 
entanglement, for any fully general entanglement monotone, 
leads to a quantity which yields a valid quantifier of input co¬ 
herence in its own right. We specifically dehne the family of 
entanglement-based coherence measures {Ce} as follows; 


Note that for two qubits this unitary is equivalent to the CNOT 
gate with S as the control qubit and A as the target qubit. It 
can be seen by inspection that this unitary is incoherent (i.e., 
the state A'^'^[p‘^'^] = Up^^U"^ is incoherent for any incoherent 
state p^^), and maps the state p^ ® |0) (0|^ to the state 

A^^ [p^ ® 10) <0|^] = Y.i,j Pij \i} Of ® \i) Olf (10) 

where pij are the matrix elements of p^ = YjijPij\i) {j\^ ■ In 
the next step we use the fact that for any quantum state 
the relative entropy of entanglement is bounded below as fol¬ 
lows [39]; > H(g^) - Applied to the state 

A‘^^[p‘^ ® |0) (0|'^], this inequality reduces to 

ES:A (^^SA ^ 10) p,, I •) j) 

Noting that the right-hand side of this inequality is equal 
to the relative entropy of coherence Cfp^) [28], we obtain 
Ef-^(A.^^\p^ ® |0)<0|^]) > Cr(pO- The proof of Eq. (8) is 
complete by combining this result with Theorem 1 . 

The results presented above also hold for the distillable en¬ 
tanglement Ejj. Namely, the relative entropy of coherence 
also serves as an upper bound for the conversion to distillable 


Ce(p^) = lim ( supE^^'^ (a^-^ U ® |0> (Ol'^l) |. (12) 

I ^ l j/ j 

Here, E is an arbitrary entanglement measure and the supre- 
mum is taken over all incoherent operations A'^'^ [42]. 

It is crucial to benchmark the validity of Ce for any E as 
a proper measure of coherence. Remarkably, we find that Ce 
satisfies all the aforementioned conditions (C1)-(C3) given an 
arbitrary entanglement monotone E, with the addition of (C4) 
if E is convex as well. We namely get the following result; 

Theorem 3. Ce is a (convex) coherence monotone for any 
(convex) entanglement monotone E. 

Proof Using the arguments presented above it is easy to see 
that Ce is nonnegative, and zero if and only if the state p^ is 
incoherent. Moreover, Ce does not increase under incoherent 
operations performed on the system S. This can be seen 
directly from the definition of in Eq. (12), noting that an in¬ 
coherent operation on the system S is also incoherent with 
respect to 5A. The proof that Ce further satishes condition 
(C3) is presented in the Supplemental Material [43]. There 
we also show that is convex for any convex entanglement 
monotone E, i.e. (C4) is fulhlled as well in this case. □ 
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These powerful results complete the parallel between co¬ 
herence and entanglement, de facto establishing their full 
quantitative equivalence within the respective resource theo¬ 
ries. Thanks to Theorem 3, one can now use the comprehen¬ 
sive knowledge acquired in entanglement theory in the last 
two decades [34, 35, 37, 44], to address the quantification of 
coherence in a variety of operational settings, and to define 
and validate physically motivated coherence monotones. For 
instance, Ce as defined by Eq. (12) amounts to the previously 
defined relative entropy of coherence [28], if E is the relative 
entropy of entanglement or the distillable entanglement. 

Furthermore, we can now focus on the relevant case of E 
being the geometric entanglement [45, 46] Eg, defined for a 
bipartite state p as E^ip) - 1 -max^(=.s F{p,x), where the max¬ 
imum is taken over all separable states x ^ S, and F{p, g) - 
(Tr( ^Jpg is the Uhlmann fidelity. The geometric en¬ 

tanglement coincides with its expression obtained via convex 
roof [46, 47], E^{p) - min 2,- /7,£’g(|i/',)), where the minimum 
is over all decompositions ofp = 2, p, \ fi) {ff In the Supple¬ 
mental Material [43], we show that the geometric measure of 
coherence Cg, associated to Eg via Eq. (12), can be evaluated 
explicitly and amounts to Cg(p) = 1 - maXo-ej F{p, cr), where 
the maximum is taken over all incoherent states cr e I. The 
incoherent operation which attains the maximum in Eq. (12) is 
again the generalized CNOT defined by Eq. (9). Due to The¬ 
orem 3, since the geometric measure of entanglement is a full 
convex entanglement monotone [37, 45], we have just proven 
that the geometric measure of coherence Cg is a full convex 
coherence monotone obeying (C1)-(C4). This settles an im¬ 
portant question left open in previous literature [28, 38]. Re¬ 
markably, the geometric measure Cg is also analytically com¬ 
putable for an arbitrary state p of one qubit [43], as follows: 

Cg(p)= 5 ( 1 - Vl-4|poiP), (13) 

where poi is the off-diagonal element of p with respect to the 
reference basis. Notice that Cg in this case is a simple monoto¬ 
nic function of the /i-norm of coherence [28], Cifp) - 2|poil- 

Some of these results extend to any distance-based entan¬ 
glement measure Eg(F) defined via Eq. (5) with Dg(E)ip, - 
g{F{p, g)), where g(F) is a nonincreasing function of the fi¬ 
delity F. These include the Bures measure of entanglement 
[35, 36], with g(F) - 2(1 - VE), and the Groverian mea¬ 
sure of entanglement [48, 49], with g(F) - Vl - E. For any 
such entanglement Eg(f), the corresponding quantifier of co¬ 
herence is Cg(F)ip) — mino-ej Dg(f)(p, cr) [43], and Theorem 1 
holds with equality for any matching pair Eg^f) and Cg(F) [50]. 
Conclusions. —In this Letter we have established a rigorous 
and general framework for the interconversion between two 
quantum resources, coherence on one hand, and entanglement 
on the other hand, via incoherent operations. Our framework 
can be interpreted in both ways: on one hand, it demonstrates 
the formal potential of coherence for entanglement generation 
(although not necessarily useful in practical applications, as 
cheaper schemes for entanglement creation might be avail¬ 
able); on the other hand, it demonstrates the usefulness of 
entanglement to obtain and validate measures of coherence. 


Building on this connection, we proposed in fact a family of 
coherence quantifiers in terms of the maximal entanglement 
that can be generated by incoherent operations (see Fig. 1). 
The proposed coherence quantifiers satisfy all the necessary 
criteria to be bona fide coherence monotones [28]. In par¬ 
ticular, the relative entropy of coherence and the geometric 
measure of coherence have been (re)defined and interpreted 
operationally in terms of the maximum converted distillable 
and geometric entanglement, respectively. 

Our framework bears some resemblance with, and may 
be regarded as the general finite-dimensional counterpart to, 
the established (qualitative and quantitative) equivalence be¬ 
tween input nonclassicality, intended as superposition of op¬ 
tical coherent states, and output entanglement created by pas¬ 
sive quantum optical elements such as beam splitters [23, 24, 
26, 61]. The results presented here should also be compared 
to the scheme for activating distillable entanglement via pre¬ 
measurement interactions [51-53] from quantum discord, a 
measure of nonclassical correlations going beyond entangle¬ 
ment [54, 55]. In the latter approach, which has attracted a 
large amount of attention recently [54, 56-59], measures of 
discord in a composite system are defined in terms of the min¬ 
imum entanglement created with an ancillary system via fixed 
premeasurement interactions defined as in Eq. (9), where the 
minimization is over local unitaries on the system regulating 
the control bases before the interaction. By contrast, in this 
work the reference basis is fixed, and a maximization of the 
output entanglement over all incoherent operations returns a 
measure of coherence for the initial system. One might com¬ 
bine the two approaches in order to define a unified framework 
for interconversion among coherence, discord, and entangle¬ 
ment, whereby discord-type measures could be interpreted as 
measures of bipartite coherence suitably minimized over lo¬ 
cal product reference bases (see e.g. [38, 62, 63]). Exploring 
these connections further will be the subject of another work. 

The theory of entanglement has been the cornerstone of ma¬ 
jor developments in quantum information theory and has trig¬ 
gered the advancement of modem quantum technologies. The 
construction of a physically meaningful and mathematically 
rigorous quantitative theory of coherence can improve our per¬ 
ception of genuine quantumness, and guide our understand¬ 
ing of nascent fields such as quantum biology and nanoscale 
thermodynamics. By uncovering a powerful operational con¬ 
nection between coherence and entanglement, we believe the 
present work delivers a substantial step in this direction. 
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Appendix: Supplemental Material 
Measuring Quantum Coherence with Entanglement 

1. Proof of monotonlclty (C3) in Theorem 3 


It is now crucial to note that the state on the left-hand side 
of the above expression can be regarded as arising from a 
tripartite incoherent operation acting on the total state 
® |0> <0|^ ® |0> <0|*; 


Here we prove that for any entanglement monotone E the 
coherence quantifier 


Ce(p^)^ lim isup£‘^^'^(A^'^[p^ ®|0><0|'^l)i (A.l) 

dA^OC V L J/J 

does not increase on average under (selective) incoherent op¬ 
erations: 

YjP‘CE{CTj)<CE(p^) (A.2) 

i 

with probabilities pi - k}], quantum states cr^ = 

Kip^ xj I Pi, and incoherent Kraus operators A, acting on the 
system S. 

Due to the definition of Ce, the amount of entanglement 
between the system and ancilla cannot exceed Ce for any in¬ 
coherent operation A'^'^, i.e., 

eS a ^ (^ 3) 

Note that this statement is also true if we introduce another 
particle B in an incoherent state |0) (0|^. Then, for any tripar¬ 
tite incoherent operation it holds: 

We will now prove the claim by contradiction, showing that 
a violation of Eq. (A.2) also implies a violation of Eq. (A.4). 
If Eq. (A.2) is violated, then by definition of Ce there exists 
a set of incoherent operations A^.^ such that the following in¬ 
equality is true for dj!, large enough: 

2 PiE^-^ (Af^ [cT^ ® 10) <0|^]) > Ce (p") ■ (A.5) 


In the next step we introduce an additional particle B and use 
the general relation 


7S AB 




which is valid for any entanglement monotone E. With this in 
mind, the inequality (A.5) implies 


7S AB 


^ p,Af^ [erf ® 10) <0|^] ® \i) {if > C£ (p") . (A.7) 
V i 


Recall that the states erf are obtained from the state p^ by the 
means of an incoherent operation, and thus we can use the 
relation piof = Kip^ k! with incoherent Kraus operators A',. 
This leads us to the following expression: 


£■5 AB 



\ i 


Af^ [ii:,p^/:f ®|0)(0|^]®|/)<;f 


>Ce{p^). 

(A.8) 


[p^ ® |0) (Ol'^ ® |0) <0|^] 

= 2 Af^ [Kip^ Kj ® 10) <01'"] ® \i) {if . (A.9) 

i 

This can be seen explicitly by introducing the Kraus operators 
Mij corresponding to the operation 

Mf/^ = Lf/ {k^ ® 1'") ® Uf. (A. 10) 

Here, Ljj are incoherent Kraus operators corresponding to the 
incoherent operation Af'": 

A“|p“] = 2i.„#,"4. (A.in 

J 

The unitaries Uf are incoherent and defined as 

afg-l 

uf = 2 |mod(/ + j, ds)} {jf . (A. 12) 

>=() 


With these definitions we see that Mij are indeed incoherent 
Kraus operators. Moreover, it can be verified by inspection 
that the incoherent operation A'^'"^ arising from these Kraus 
operators also satisfies Eq. (A.9). 

Einally, using Eq. (A.9) in Eq. (A.8) we arrive at the fol¬ 
lowing inequality: 

E^ ab (^j^sab ( 4 ^ 43 ) 

This is the desired contradiction to Eq. (A.4), and completes 
the proof of property (C3) for Ce, thus establishing that Ce is 
a coherence monotone for any entanglement monotone E. 


2. Proof of convexity (C4) in Theorem 3 


Here we show that the quantifier of coherence Ce given in 
Eq. (A.l) is convex for any convex entanglement measure E: 


Ce 



<YjP‘CE{pf) 

i 


(A. 14) 


for any quantum states pf and probabilities p,. Eor this, note 
that by convexity of the entanglement quantifier E it follows: 


7S:A 


A 


SA 


2p,pf ®|0)<0|" 


< J] piE^-^ (a^^ [pf ® 10) <0|"]). (A.15) 


Taking the supremum over all incoherent operations A'^" to¬ 
gether with the limit on both sides of this inequality 















we obtain the following result: 


Ce 


z 


Pipi 


< lim sup 

dA^OO 



(A.16) 

Finally, note that the right-hand side of this inequality cannot 
decrease if the supremum over incoherent operations and 
the limit ^ are performed on each term of the sum 
individually: 


lim sup { y (a^^ [pf ® 10) (01^1) i 

£/a->“ A*'* I''; ' ^ \ 

< y Pi lim supF^^'^ (a^'^ [pf ®|0)<0|'^1) 

dA^OC j^sA ^ L J/ 


-YjP‘Ce{P‘)- 

i 


(A. 17) 


Together with Eq. (A. 16), this completes the proof of convex¬ 
ity in Eq. (A. 14). 


3. Geometric entanglement and coherence 

We will now show that the bound provided in Theorem 1 of 
the main text can be saturated for the geometric entanglement 
Eg and geometric coherence Cg. The former is defined as 

Egip) = 1 - max F(p,x), (A. 18) 

xeS 

where the maximum is taken over all separable states S, and 

2 

F(p, g) = ^Tr aJ A/pg (A.19) 

is the fidelity. The geometric entanglement defined in 
Eq. (A. 18) coincides with its expression obtained via a con¬ 
vex roof construction [46]: 

Egip) = min ^ p,Eg(|^/r,», (A.20) 

i 

where the minimum is taken over all decompositions of the 
state p = Z/Fi I*/';) (<Aii The latter expression (A.20) is the 
original definition of the geometric entanglement for mixed 
states [45], and the equivalence of Eqs. (A.18) and (A.20) was 
shown in [46]. 

The geometric coherence Cg can be defined similarly: 

Cg(p) = 1 - max F(p,<t), (A.21) 

crel 

where the maximum is taken over all incoherent states cr e I. 

Equipped with these tools, we are now in position to prove 
the saturation of the bound in Theorem 1 for these measures 
of entanglement and coherence. In particular, we will show 
the existence of an incoherent operation A^'^ such that 


(A.22) 


ii 

if the dimension of the ancilla is not smaller than the dimen¬ 
sion of the system, dx > dg- As we will further show, the op¬ 
timal incoherent operation achieving this equality is the gen¬ 
eralized CNOT operation U given in Eq. (9) of the main text. 

To prove Eq. (A.22), we first recall that the final state after 
the application of the generalized CNOT operation U is 

Pmc = t/ (p" ® 10) <0|^) t/'- = ypij |/) (f ® \i) , (A.23) 

ij 


where p^ are matrix elements of p^ - YjijPij 10 ijf ■ States 
of the form (A.23) are known as maximally correlated states. 
As shown in section 4 of this Supplemental Material, there 
always exists a separable maximally correlated state 

i 

which is a closest separable state to p^^\ 

£f^(Pmc)=l-^(Pmc.Amc)- (A.25) 

These results imply that the geometric coherence of p^ is 
bounded above by the geometric entanglement of p^'^: 

Cg(p^)<£f^(p^^). (A.26) 

This follows by using Eq. (A.25) together with the equality 

= (A.27) 

where cr^ - Z, Qi 10 {i\^ is an incoherent state with the same 
coefficients qt as in Eq. (A.24). On the other hand. Theorem 1 
in the main text implies the inequality 

Cg(p^)>£f^(p^^), (A.28) 

and thus we arrive at the desired statement in Eq. (A.22). 

We further note that the arguments presented above can 
also be applied to any distance-based quantifiers of entan¬ 
glement Ed and coherence Co if the distance is contractive 
under quantum operations, and for any maximally correlated 
state p^'^ there exists a separable maximally correlated state 
6 S (which may depend on p^) such that 

£D^(Pmc)-^(Pmc,Amc)- (A.29) 

In particular, this is the case for the geometric entanglement 
and coherence, where the distance is given by Dip, cr) = 1 - 
Fip, cr). As discussed in the main text, these results can be 
immediately extended to any distance 

Dip,cT)^g[Fip,cT)] (A.30) 

which is a nonincreasing function of fidelity. 


Ey (A"^[p^®|0)<0|^]) = Cg(p") 





4. Geometric entanglement for maximally correlated states 


In this section we will show that for any maximally corre¬ 
lated state 

Pmc = Xp,7l')01®l001 (A.31) 

ij 


there exists a separable maximally correlated state 

z qi\i}{i\®\i}{i\ (A.32) 


such that 


EgiPmc) = 1 - F(p^c,Xmc)- (A.33) 

This can be proven by using results from Refs. [46, 47]. In 
particular, given a maximally correlated state p^ac, consider 
its arbitrary decomposition into pure states with positive 
probabilities pk > 0 such that 

Pmc “ z Pk\^k}{tl^k\ ■ (A.34) 

k 

As is proven on page 6 in [47], all states \^k) in such a decom¬ 
position must be linear combinations of product states |/) ® |/); 

(A.35) 

i 

with complex coefficients c*. Consider now an optimal de¬ 
composition of the state pmc, i-S-, a decomposition which min¬ 
imizes the average entanglement such that 

EgiPmc ). (A.36) 

k 

We further define product states \(pk) 6 .S to be the closest 
product states to li/zk): 


E,(\ifkk}) ^ I - Fdifkk) ,\kf>k})- (A.37) 

Due to Eq. (A.35), all states \<pk) can be chosen as \(pk) - 
14) ® 14)^ where the number Ik corresponds to the coeffi¬ 
cient of the state \i^k) with the maximal absolute value: 

|cfj = maxilcfl. 

Finally, consider the separable maximally correlated state 

Amc \(/>k) {0k\ I4> <41 ® |4> <41 (A.38) 

k k 


with probabilities qk defined as 


Pk [l - Eg(\t//k))\ 
1 “ EgiPmc} 


(A.39) 


As we now show, Xmc is the desired optimal state, satisfying 
the equality (A.33). This can be seen by first recalling that the 
geometric entanglement of the state p^c is bounded above as 


hi 

since the state Xmc is separable. On the other hand, the square 
root of the fidelity Vt satisfies the strong concavity relation 

^lF(p,g) > ^ ylpkqkF{\ij/k), \^k)) (A.41) 

k 

for any two states p ^ZkPk l^/^k) i^/^kl and g ^Yjkqk \(pk) 
see Theorem 9.7 on page 414 in [3] (note that the fidelity de¬ 
fined there is the square root of the fidelity used in our paper). 
Applied to the maximally correlated states pmc and Xmc, and 
using Eqs. (A.37) and (A.39), this inequality becomes 

V^(PniC5Tnic) — ^^-Eg(p me)? (A.42) 

implying that the geometric entanglement of pme is bounded 
below as 

Egipmc) > 1 - Fip^c,Xmc)- (A.43) 

Combining this result with Eq. (A.40) completes the proof of 
Eq. (A.33). 


5. Geometric coherence for arbitrary single-qubit states 


Earlier we have proven that the optimal incoherent opera¬ 
tion which attains the maximization in Eq. (A.l) is the gen¬ 
eralized CNOT when E is the geometric measure of entan¬ 
glement Eg. If the system 5 is a single qubit {ds = 2), the 
output state of system and ancilla after the CNOT is a two- 
qubit state. The geometric entanglement Eg of any bipartite 
two-qubit state g is computable in closed form and given by 
[45, 46] 

El'-^g) = ^ [l - Vl-C(?)2] , (A.44) 

where C is the concurrence of g [44]. 

Let p^ - Yj] j=aPij 14 {jf be an arbitrary state of the single 
qubit S, written with respect to a reference basis (|/)]. After 
applying the CNOT on the above state and the initially inco¬ 
herent ancilla, we get a maximally correlated two-qubit state 

1 

p^^ = CNOT^d" ® 10) <0|^] = 2 pij |/) <;f ® 14 {f . 

i,j=0 

(A.45) 


The concurrence of the above maximally correlated state is 
easily evaluated as [44] 

C(p^^) = 2|poi|. (A.46) 


The geometric entanglement of p^^ can be written then as 




mc'' 


1 

2 

1 

2 


1 - 

1 - 


a/i-4IpoiP . 


(A.47) 


Finally, the geometric coherence for an arbitrary single-qubit 
state p is given by the expression reported in the main text: 


Cgip) = El'^pii) = i 


- Vl-4|Poi 


(A.48) 


^g(Pmc) ^ 1 F(p mc?3^mc)» 


(A.40) 

















